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Abstract. We study the solutions of equations of type f(D, a)u = v, where 
f(D, a) is a p-adic pseudo-differential operator. If v is a Bruhat-Schwartz 
function, then there exists a distribution E a , a fundamental solution, such 
that u = E a * v is a solution. However, it is unknown to which function space 
E a * v belongs. In this paper, we show that if f(D, a) is an elliptic operator, 
then u = E a * v belongs to a certain Sobolev space. Furthermore, we give 
conditions for the continuity and uniqueness of u. By modifying the Sobolev 
norm, we can establish that f(D, a) gives an isomorphism between certain 
Sobolev spaces. 



1. Introduction 

In recent years p— adic analysis has received a lot of attention due to its applica- 
tions in mathematical physics, see e.g. [I]. [2]. [3]. [9]. [ID]. [12]. [15]. [ID]. pO] and 
references therein. As a consequence new mathematical problems have emerged, 
among them, the study of p-adic pseudo-differential equations, see e.g. [4], [6J, 
HB, 0, 03, EH) Q31> ES> C3, EDJ, [H], [H], [23] and references therein. In 
this paper, we study the solutions of p-adic elliptic pseudo-differential equations on 
Sobolev spaces. 

A pseudo-differential operator /(Z),/3) is an operator of the form 

{f(D,a)<p) (x) = (|/(OI£F*-^(a0) > <t> G S, 
where T denotes the Fourier transform, a is a positive real number, S denotes the 
C-vector space of Bruhat-Schwartz functions over Q™, and /(£) £ Q P [£i, ■ ■ ■ If 
/(£) is a homogeneous polynomial of degree d satisfying 

/(O = if and only if f = 0, 

then the corresponding operator is called an elliptic pseudo-differential operator. 
At any case, the operator f(D,[3) is continuous and has a self-adjoint extension 
with dense domain in L 2 (Q"). This operator is considered to be a p-adic analogue 
of a linear partial elliptic differential operator with constant coefficients. A p-adic 
pseudo-differential equation is an equation of type 

f(D,a)u = v. 

If v S S, then there exists a distribution E a , a fundamental solution, such that 
u = E a *v is a solution. The existence of a fundamental solution for general pseudo- 
differential operators was established by the second author in [51] by adapting 
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the proof given by Atiyah for the Archimedean case [5]. However, it is unknown 
to which function space E a * v belongs. In this paper, we show that if f(D,a) 
is an elliptic operator, then u = E a * v belongs to a certain Sobolev space (see 
Theorem [3]) . Furthermore, we give conditions for the continuity and uniqueness 
of u. By modifying the Sobolev norm, we can establish that f(D, a) gives an 
isomorphism between certain Sobolev spaces, (see Propositions [1] [2] and Theorem 
|4|). Our approach is based on the explicit calculation of fundamental solutions of 
pseudo-differential operators on certain function spaces and the fact that elliptic 
pseudo-differential operators behave like the Taibleson operator when acting on 
certain function spaces (see Theorems [1] [2]) . 

Acknowledgement. The authors wish to thank the referee for his/her careful 
reading of the original manuscript. 

2. Preliminary Results 

We summarize some basic facts about p-adic analysis that will be used in this 
paper. For a complete exposition, we refer the reader to [18], [20] . 

Let Q p be the field of the p-adic numbers, and let Z p be the ring of p-adic 
integers. For x G Q p , let v(x) G Z U {oo} denote the valuation of x normalized 
by the condition v(p) = 1. By definition v(x) = oo if and only if x = 0. Let 
\x\ p = p~ v ^ be the normalized absolute value. Here, by definition \x\ p = if and 
only if x = 0. We extend the p-adic absolute value to Q™ as follows: 

||x|| p := max{|a;i|p, . . . , \x n \ p }, for x = {x\, . .. ,x n ) € Q™. 

We define the exponent of local constancy of <p{x) £ 5(Q") as the smallest 
integer, / > 0, with the property that, for any x £ Q™, 

(p(x + x 1 ) — tp(x) if ||x'|| p < p~ l . 
For x, y in Q™, we put x ■ y = Yh=i x iUi- 

Let ^ denote an additive character of Q p , trivial on Z p , but not on p~ lr L p . For 
tp G S(Qp), we define its Fourier transform as 

where dx denotes the Haar measure of Q™ normalized in such a way that Z™ has 
measure one. 

We denote by \r, r G Z, the characteristic function of the polydisc B r (Q) := 
(p r Z p ) n . For any ip G S, we set 

r v := minjr G N | <p\ Br (a) = <f(0)}- 

Definition 1. We set C := £(Q p l ) = {ip € S \ f qn <p(x) dx = 0}, and W := W(Q") 
to be the C-vector space generated by the functions Xr, f G Z. 

We note that any tp G S can be written uniquely as <pc + <pwi where tpw = 
P Tipn ( Sqn ^(x) dx^j \r v G W, and ipe = <p ~ <Pw £ £■ However, S is not the direct 
sum of £ and W. The space W was introduced in [22], and {F(<p) \ <p G £} is a 
Lizorkin space of second class [4]. 
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2.1. Elliptic Pseudo-differential Operators. Let /(£) £ Q P [£i, ■ ■ ■ > £n] be a 
nonconstant polynomial. A pseudo-differential operator f(D,a), a > 0, with sym- 
bol is an operator of the form 



where (p E S. 

Definition 2. Lei /(£) £ Q P [£i, ■ ■ ■ , £ n ] be a nonconstant polynomial. We say that 
/(£) «s an elliptic polynomial of degree d, if it satisfies: (i) /(£) is a homogeneous 
polynomial of degree d, and (ii) /(£) = £ = 0. 

Lemma 1. |231 Lemma 1] Let /(£) £ Q P [£i, ■ ■ ■ , £n] be an elliptic polynomial of 
degree d. There exist positive constants, Cq(/) and C\(f), such that 



We note that if /(£) is elliptic, then c/(£) is elliptic for any c £ Q*. For this 
reason, we will assume from now on that the elliptic polynomials have coefficients 
in Z p . 

Lemma 2. |231 Lemma 3] Let /(£) £ Q p [£i, . . . , £„] be an elliptic polynomial of 
degree d. Let A C Q™ be a compact subset such that (f. A. Then there exists a 
positive integer m — m(A, f) such that /(£)| p > p~ m , for any £ £ A. Furthermore, 
for any covering of A of the form uf =1 Bi, with Bi = Zi + (p m Z p ) n , we have |/(£)| P = 
\f{Zi)\p for any £ £ B { . 

Definition 3. Let /(£) £ Z p [£x, . . . , £ n ] be an elliptic polynomial of degree d. We 
will say that \f\P is an elliptic symbol, and that f{D,0) is an elliptic pseudo- 
differential operator of order d. 

2.2. Igusa's local zeta functions. Let g(x) £ Q p [ X J . X — (^X i j ... ^ X fi ), be a 

non-constant polynomial. Igusa's local zeta function associated to g{x) is the dis- 
tribution 



for s £ C, Re(s) > 0, where cp £ S, and dx denotes the normalized Haar measure of 
Qp. The local zeta functions were introduced by Weil and their basic properties for 
general g(x) were first studied by Igusa. A central result in the theory of local zeta 
functions established that \g\ p admits a meromorphic continuation to the complex 
plane such that (|g|p,y) is rational function of p~ s for each (p £ S. Furthermore, 
there exists a finite set Ue 6 £ {(Ne, ue)} of pairs of positive integers such that 



is a holomorphic distribution on S. In particular, the real parts of the poles of \g\p 
are negative rational numbers see [Zl Chap. 8]. The existence of a meromorphic 
continuation for the distribution \g\p implies the existence of a fundamental solution 
for the pseudo-differential operator with symbol \g\p*, [21] . 



For a fixed cp £ S, we denote the integral (\g\p,<p) by Z v {s,g). In particular, 
Z(s,g) = Z X0 (s,g). 



(f(D,a)ip)=F- 1 (\f\ p <Fip) 



CoifMWt < \f(0\ P < CiifMWt, for every £ £ Q; 




lid -p 
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Lemma 3. Let f{x) 6 Zp[x], x = (xi, . . . ,x n ), be an elliptic polynomial of degree 
d. Then 

Z(s,f)= L(P ~P , 

v ' J I ^ p—ds — n ' 

where L(p~ s ) is a polynomial in p~ s with rational coefficients. Furthermore, s — 
—n/d is a pole of Z(s, f) . 

Proof. Let A = {x £ Z£ | ordfo) > d, i = 1, ...,n}, and A' = {x e Z£ \ 
ord(xi) < d, for some i}. Then Z™ is the disjoint union of A and A' and 



i.e., Z(s,f) — 1 _ p } d3 -„ f A , \f(x)\pdx. Since A' is compact, by applying Lemma[21 
we find a covering of A' — uf =1 Bi, where |/| p is constant on each Bi. Hence, 



Z(s,f)= / \f(x)\;dx+ / \f(x)\ s p dx 

J A J A' 

= p- ds - n Z( S J)+ f \f(x)\ s p dx, 



and 



/ \m\' p dx= P -« m j2\fWp> 



7 , n p-" m Ef=il/(*i)l; 



^ p—ds — n 

□ 

2.3. The Riesz Kernel. We collect some well-know results about the Riesz kernel 
that will be used in the next sections, we refer the reader to [IB] or [5D] for further 
details. 

The p-adic Gamma function T p n ^ (s) is defined as follows: 

r p" ) ( s ) = l^-T' seC ' s ^°' 
1 — p s 

The Gamma function is meromorphic with simple zeros at n + j^;Z and unique 
simple pole at s = 0. In addition, it satisfies 

rW(«)rW(n - s) = 1, for s £ {0} U {n + ^-Z}. 
F ^ In p 

The Riesz kernel R s is the distribution determined by the function 

11x11 s- " 2m 

R *( x ) = hp^t — ' Re ( s ) > °' s ^ n + * G ^p- 

T p n \s) ln P 
The Riesz kernel has, as a distribution, a meromorphic continuation to C given 

by 



i -p s ~ 



x||„<l 



'||x|| p >l 

\\x\\;- n (<p(x)-<p(p))dx, 
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with poles at n + f^Z. In particular, for Re(s) > 0, 

1 — T)~ S f 2-7T? 

(R s (x),<p(x)) = s - n <fi(x)\\x\\ s - n dx, S £n+—Z, 
l-p a ™ Jq« ' hip 

(2.1) (R. s (x),v(x))= l ~ P l_ n [ &(x)-p(0))\\x\\- s - n dx. 

J- - P jQn 

In the case s = 0, by passing to the limit, we obtain 

(Ro(x),ip(x)) := \hn (R a (x),<p(x))=tp(p), 

s— >0 

i.e., Rq(x) = 5(x), the Dirac delta function. Therefore, R s E S'(Qp), for s E 

c\{n + ^z}. 

Remark 1. The distribution ||a;||p, Re(s) > 0, admits the following meromorphic 
continuation, 

(IMIXaO) = 1 1 ~ P S "^ (°)+ / MMx)dx 
L ~p J\\x\\p>l 

\\x\\x<p(x)-<p(o))dx, ^es. 

.i x iip<i 

In particular, all the poles of have real part equal to —n. 

Lemma 4 ([HI Chap. Ill, Theorem 4.5]). ,4s element ofS'(<Q%), (T R s ) (x) equals 
\\x\\- s ,for S ^n+^ p Z. 

The following explicit formula will be used in the next sections. 

Lemma 5. Let f(x) £ Qp[x], x — (xi, . . . ,x n ), be an elliptic polynomial of degree 
d. Then 

l f .,_ (l-p ds )L(p- s ) o C(P 

as distributions on W. Here L{p~ s ) is the numerator of Z(s, f) which is a polyno- 
mial in p~ s with rational coefficients. 

Proof. Let ip £ W, then 

i 

where Ci G C, i\ G Z (recall that F{Xr) = P~ nr X-r)- The action of \f\p on Tip can 
be explicitly described as follows: 

(\f\;,F V ) = J2ci(\f\ s p ,p- nr <X-n), 

i 

but 

{\f\ s p ,p- nr *X-n) = P - nr * I \f(x)\; X -r i (x)dx=p driS Z( S J), 
for Re(s) > 0, thus 

(\f\;, Ty) = z( s , f) c*p dr ' s , Ms) > o. 
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On the other hand, 



i _ n ds i _ ds— n 

if rt —nr* \ i ¥ ii nds —tin \ a 

Rds+n,P X-n) = (— : — — |!a;|L ,jP 'X-n)=P 



1 — P " 1 — P 

for every € Z and Re(s) > 0. Then we have 

for Re(s) > 0. Now Z(s, /) and Rds+n have a meromorphic continuation to the 
complex plane, therefore this formula extends to C. Finally, since the Fourier 
transform establishes a C-isomorphism on W, it is possible remove the Fourier 
transform symbol. □ 

2.4. The Taibleson Operator. 

Definition 4. The Taibleson pseudo- differential operator D!f, ; a > 0, is defined as 

(D^){x) = T-i x (Hfll-^p) , for <p e S. 

As a consequence of the Lemma 2] and (12.11) , one gets 

(£>?¥>) (a:) = (fc_ a * (z) = 
1 -p° 



1 



Ij/II-^^-j/)-^))^. 



The right-hand side of previous formula makes sense for a wider class of functions 
than S(Q P ), for example, for the class <£ a (Q™) of locally constant functions if(x) 
satisfying 

f \\x\\; a - n \^(x)\dx <oo. 

J\\x\\ p >l 

Remark 2. As a consequence of the previous observations we may assume that the 
constant functions are contained in the domain of D^, and that D^ip = 0, for any 
constant function. 



3. Fundamental Solutions for the Taibleson Operator 
We now consider the following pseudo-differential equation: 
(3.1) D%u = v, with v £ S, and a > 0. 

We say that E a £ S' is a fundamental solution of l|3.ip if E a * v is a solution. 



Lemma 6. If E a is a fundamental solution of LS.l]) . then for any constant c, E a +c 
is also a fundamental solution. 



Proof. Let E a a fundamental solution for l|3.ip . then 

D%((E a +c)*v) = D%((E a *v) + (c* v)) 
= u + D^{c * v) = u, 

because u and the constant function, c * v, are in the domain of D^. □ 
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Theorem 1. A fundamental solution of LS.1\) is 

1 -p~ a 

E a {x) 



x \\p ™ ifa^n 



J pCt — n 1 

1 - p n 

— — ln( \\x \\ p ) ifa = n. 
. p n In p 



Proof. The proof is based on the ideas introduced in [21] . The existence of a funda- 
mental solution E a is equivalent to the existence of a distribution TE a satisfying 

(3.2) \\x\\°TE a = l, 

as distributions. Let ||x||p = ^ c m (s + a) m be the Laurent expansion at —a 

mgZ 

with c m s S' for all m. The existence of this expansion is a consequence of the 
completeness of S" (see e.g. [7J pp. 65-66]). Since the real parts of the poles of 
the meromorphic continuation of |x||p are negative rational numbers (cf. Remark 
HI; ll x llp +a — ll x llp \\ x \\p 1S holomorphic at s = —a. Therefore, ||x||pC m = for all 
m < and 



MlpCo+£ \\ x \\;c m ( s + ar. 

771 — 1 

By using the Lebesgue dominated convergence theorem, one verifies that 
lim {\\x\\ s + a ,4>)= I <j>{x)dx = (l,<j>), 

and then we can take TE a = cq. Furthermore, if —a is not a pole of |x||p, 
(3.3) TE a = lim |la;||' 

s — > — a ^ 

To calculate Co, consider the following two cases. 
Case a ^ n. 

We use (|3.3[) and the Lemma [4j i.e., 

1 — p 

for s/n + (2iri/ lnp)Z. If a ^ n, by ([; 



x||^(( /? )(x)dx= - J s _ n I \\x\\- s - n <p(x)dx, 



(£ a ,J%,)) = lim / \\x\\tT(ip)(x)dx. 

If a > 7i, by the Lebesgue dominated convergence theorem, we can interchange 
the limit and the integral. If < a < n, by taking into account that 

\\x\\p~ n dx < +oo, for < a < n, 

IMIp<i 

and by using Lebesgue dominated convergence theorem, we can exchange the limit 
and the integral. Therefore, 

(E*M= !l P a - n I \\x\\«- n v{x)dx 



1 ^a — n I v , 
J--P J(Q P X ) 

1 -p-<* 
1 



a;||^- n (p(a;)da;. 
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Set (p(x) — ip{—x), with ip £ S. The results follow by replacing ip by T{(p) because 
Case a = n. 

We compute the constant term, Co, in the expansion 

(\\x\\;,F(<p)) = Y,(cm,H<P))(s + nr. 

Since 

(\\x\\;,Hv)) = , 1 ~f a _ n I \\x\\- s - n v ( x )dx 

i - P Jqj 

= (1-P S ) P V(x)dx, 
jqn i —p 

where x — (xi, . . . , x n ), v(x) :— min v(xi), and ||x|| p = p~ vtyX \ by expanding 

l<i<n 

(1 - ps\ p v(x)(s+n) 1-p-n 

= — ; (s + n) 

1 - p-*-" lnp v ; 

(l-p->(z)lnp-^ + ^lnp 

H h 0((s + nl), 

mp 

one gets 

f ( 1 — p™ p" — 3 \ 

= ( Co , = \n(\\x\\ p ) + -^r)9{x) dx. 

The announced results follow by replacing ip by J-(<p), <p € S, and using the fact 
that the fundamental solution is determined up to the addition of a constant (cf. 
Lemma |6|) . □ 

In the case n = 1, the previous result is already known, see e.g. [TJ1 Theorem 
2.1]. 

4. Fundamental Solutions for Elliptic Operators 

Theorem 2. Let f(D,a) be an elliptic operator of order d. Then, a fundamental 
solution E a of f(D, a)u — v, a > 0, and v € W, is given by 

( L(p")(l-p- d ") ^ uda _ n 



EJx) = < 



(1 -p"™)(l -p<fo-n)" '■" 

L(p"/rf)(l -p«) 



x||° a -" as a distribution on W, a ^ n/d 



ln(||x|| p ) as a distribution on W, with a = n/d, 



I (1 -p-™)(p n lnp) 
where L{p~ s ) is the numerator of Z(s, f). 

Proof. As we mention before, the problem of the existence of a fundamental solu- 
tion, E a , is equivalent to the existence of a distribution J-E a satisfying 

\f\ a v TE a = 1 in S'. 

By Lemma 

<n\ i i^-p da )L(p- a ) p , 
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(f E W, s E C. The result follows by reasoning as in the proof of Theorem [IJ and 
by the fact that the space W is invariant under the Fourier transform. □ 

Corollary 1. With the hypotheses of the previous theorem, and assuming that 
a =/= n/d, we have 

\HE a ^)(x)\<C{a)\\x\\- da \T{ V )(x)\ 1 
for all x E Q™, and ip G W. 

5. Solutions of Elliptic Pseudo-Differential Equations in Sobolev 

Spaces 

Given (4cS and I a non-negative number, we define 

|H| 2 ff! = / [max(l,||C|| P )] 2 'TO)(0| 2 ^. 

We call the completion of S with respect to || • \\h' the l-Sobolev space H l := 
H l {Qp). 

We note that H l contains properly the space of test functions, S. Indeed, con- 
sider the function 

fo if 1Mb, < i 

n > \\\x\\-^ if\\x\\ p >l 
with (3 > n. A direct calculation shows that 



(i-p-")(i-ii£ir>"- /3 ) 



ii/i& = j - ( 7_ p r-7 } - - -p~v P - n 

II£IIp<i 

Thus, Il/H^i < oo, but / does not have compact support. 

Lemma 7. If I > n/2, then there exists an embedding of H l into the space of 
uniformly continuous functions. 

Proof. Let <f> E H l . Since the Fourier transform of a function in L 1 is uniformly 
continuous, it is sufficient to show that T{(j>) E L 1 . By using the Holder inequality 
and the fact that 

(max(l, ||£||p)r 2 'd£ < +oo, for I > n/2, 



2 



we have 

(max(l,||£|| p )) ' 
I QS (max(l, ll^llp)) 



□ 

Lemma 8. For any a > and I > 0, the mapping f(D, a) : H l+da H l is a 
well-defined continuous mapping between Banach spaces. 

Proof. Let <j) E S. Since f(D,a) is an elliptic operator, by Lemma [TJ we have that 



\\f(D,aW Hl = / [max(l,||e|| p )] 2 '|/(0| 2a |^)(e)| 2 ^ 
-'Qp 

<d / [max(l,||e|| P )] 2 ^TO)(0| 2 ^ = C 1 MW- 
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The result follows from the fact that S is dense in H l+da . □ 
Remark 3. Let j3 be a positive real number, and let 



Then 



Indeed, 



/(/?):= J \\e\f p ds. 
M\ p <i 



1 - v~ n 

Up) = - 1 -, for P > -n. 

^* -y p—n—np 



I(P)= J ||e||^de+ / de 

INIp<1 I|e|Ip=1 

||e||^de + l-p- n . 
IN| P <i 

By making the change of variables £j = pXi, i = 1, . . . , n, we have 

I(P) =p- n - n Pl(j3) + l-p- n . 

Theorem 3. Let f{D,a), < a < n/2d be an elliptic pseudo-differential operator 
of order d. Let I be a positive real number satisfying I > n/2. Then, the equation 

f{D,a)u = v (v£ S), 

has a unique uniformly continuous solution u G H l+da . 

Proof. Let v 6 5, then u = t>yy + vc, where vyv G VV and t>£ G £. Thus, in order 
to prove the existence of a solution u, it is sufficient to show that the two following 
equations have solutions: 

(5.1) f(D, a)u w = v w , 

(5.2) f(D,a)u c =v c . 

We first consider equation (|5.1[) . By Theorem O ityv = E a * vw is a solution of 
(|5.ip . and by Corollary [I] we have 

\\u w \\% +da = f [ma X (l,m\ P )] 2{l+da) \T(E a *v w m\ 2 d^ 



C(a,d,n) I [max(l,||^|| p )] 2 ^)|||C||; 2<iQ |^w)(0| 2 ^ 



C(a,d,n)\ I m\p 2da \Hvwm)\ 2 

'lieilp<i 



I€IIp>i 



H€ll?l^(«w)(0l 2 dC}- 
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We now recall that v w (Q = P rn Cxr(Q, with r > 0. Then, f(v w )(0 = Cx-r(0 
and 

\\u w \\ 2 Hl+da <C(a,d,n)[c 2 p 2rn J \\e\\- 2da de 

\\e\\p<l 

+ \\vw\\ 2 H t} 

< C(a, d,ri)$Ci(a, d, n) + \\vw\\'hi\, 

since — 2da > —n, cf. Remark[3l Therefore wyv € H l+da . 
We now consider equation (|5.2j) . Since 

T{u c )=T(v c )\f\- a , 

and / is elliptic, 

\f(uc){0\ <Cm\- da \Hvc)(0\,(ci- Lemma©. 

Then, 



J\\£\\„<1 

m\l l \Hvc){t)\ 2 dt 



'lieilp<i 

1151 ' ' 

II?IIp>i 

The second integral is bounded by ||i>,c||m. For the first integral, we observe 
that if < a < n/2d, then 

m\f da \<p(®\ 2 dt<cM L2 , 

\\i\\p<i 

for any ip £ S. Therefore, 

\\uc\\ 2 w+^ <C\\F(vc)\\lz + \\vc\\ 2 w 

In this way, we established the existence of u £ H l+da which is uniformly con- 
tinuous, by Lemma El such that f(D,a)u = v, for any v £ S. Finally, we show 
that u is unique. Indeed, if f(D, a)u' = v, then 

f(D, a)(u - v!) = 0, i.e., |/|»^(« - u') = 0, 

and thus T(u - u')(£) = if £ ^ 0, since / is elliptic. Then ■ f)(u - "')(£) = 
almost everywhere, and a fortiori (u — u')(0 = almost everywhere, and by the 
continuity of u — u', u(£) = u'(£) for any £ £ Q™. □ 

6. Solutions of Elliptic Pseudo-Differential Equations in Singular 

Sobolev Spaces 

In this section, we modify the Sobolev norm to obtain spaces of functions on 
which f(D,a) gives a surjective mapping. 

Definition 5. Given ip £ S and I a non-negative number, we set 

IM&. := / nen?i^)(oi a de- 

We call the completion of S with respect to \\ ■ the ^-singular Sobolev Space 
■H 1 := H l (Q%). Note that H l C H l , I > 0, since \\<p\\ H i < \\<p\\ H i. 
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Lemma 9. For any. a > 0, / > 0, the mapping f(D, a) : J-C l + da Tt l is a 
well-defined continuous mapping between Banach Spaces. 

Proof. Similar to the proof of Lemma [H □ 

We denote by C l and W l , the respective completions of £ and W with respect 
to || • {{-Hi; furthermore, we set 

n l := C l + W l C n l . 

Proposition 1. Let f(D,a), a > 0, be an elliptic pseudo- differential operator of 
order d, and let I be a non-negative real number. Then f(D,a) : r r i l + da — > yy' ; is 
a surjective mapping between Banach spaces. 

Proof. By Lemma [9j the mapping is well-defined. Let v £ W z , and let {v n } a 
Cauchy sequence in W converging to v. By Theorem[2j there exits a sequence {u n } 
in H l+da such that f(D, a)u n = v n . We now show that {u n } is a Cauchy sequence 
in U l+da as follows: 

\\u n - Um \\ 2 nl+da <c ( neii^ +£iQ) iieii; 2£iQ i^K-^)(Ol 2 ^ 

l£ C\ \v n — v m | |^i . 

Thus, there exists u £ '}{ l + da such that u n — » u, and by the continuity of /(-D, a), 
f{D,a)u = v. □ 

Proposition 2. Lei f(D,a), a > 0, be an elliptic pseudo- differential operator of 
order d, and let I be a non-negative real number. Then, f(D,a) : r r { l + da C l is a 
surjective mapping between Banach spaces. 

Proof. By Lemma|9l the mapping is well-defined. Let v € C l , and let {v n } a Cauchy 
sequence in C converging to v. By the same reasoning given in proof Theorem [3] 
for establishing the existence of a solution for equation (|5.2p , we obtain a sequence 
{u n } in H L+da such that f(D,a)u n — v n . We now show that {u n } is a Cauchy 
sequence in H l+da . 
By using 

\Hu n m\<cm\- da \Hv n )(a 

one gets 



5: C| \ v n — V m 1 1^1 • 

Thus, there exists u £ j{ l + da such that u n — > u, and by the continuity of f(D, a), 
f(D,a)u = v. □ 

From the previous two lemmas we obtain the following result. 

Theorem 4. Let f(D, a) be an elliptic pseudo-differential operator of order d. Let 
I be a positive real number. Then the equation 

f(D, a)u — v, v GTl l 

has a unique solution u £ '}{ l + da . 
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